A relativistic quantum field theory at finite temperature I
system has traditionally been more difficult than either a zero temperature __ quantum system or a finite temperature classical system [2] . This paper discusses the "equivalence" of a relativistic quantum field theory in n spatial dimensions at finite temperature T = B -1 to the same field theory, at zero temperature but with one of the n spatial dimensions (say the z direction) finite and of length 8, (0 I z 16).
(We shall call this a "finite volume system").
Scalar Theories
As an example consider a scalar theory in n + 1 dimensions with fields where N is a normalization factor' and where 2E is the Euclidean Lagrangian
Thus the partition function is evaluated via a Euclidean path integral over finite time 0 I r 5 f3 with periodic boundary conditions.
It is clear that as T +-0, equation (4) becomes the Euclidean generating functional for the zero temperature theory:
Notice that 2 and T are dummy variables of integration in equation (4).
Let us define -t xl = (xl, . . . xnwl) and z = xn
then interchange r and z and interchange $I(;~, z, r) with $(gl, r, z) in equation (4). We then find:
= 4 (z=B)
Equation (8) is (apart from a normalization factorl) precisely the Euclidean path integral for a field theory at zero temperature (-m < r <~ m) but in "finite spatial volume" (-a < xl < m, 0 f z <_ B) with periodic boundary conditions.
Free Scalars
The above analysis could be applied to free scalars at temperature T.
We would conclude that the free energy density of an ideal base gas at temperature T = B -1 is equal to the ground state energy density of a free scalar theory (at zero temperature) but in "finite volume" (i.e., with one dimension of length 6).
Let us see how this works. __ The free energy per unit volume of an ideal base gas of mass m at inverse temperature B is given by [4]:
Here V represents the volume of space. This is not identical to the free energy appearing in equation (4). F(B) differs from F(f3) by an overall additive constant due to normal ordering. The point is that
where In) are Fock states for H and at(k), a(k) are the usual creation and annihilation operators for these states.
It is F(B)/V that is equal to the energy density, ~~ of the "finite volume" system; ~~(131 = 9 sd"-'k nz $ w(kl, n) --m where
is the frequency corresponding to the momentum itn = kl, . . . kn 1,
Setting F(B)/V equal to &O and using equation (9) and (10) for F we obtain' iJdnk Rn(l -e -Bwk) = tjdnmlk c w(kl, n) -+jclnk ak (14) n -_
The left-hand side of equation (14) is finite. The right-hand side is the difference of two infinite quantities; E 0 (6) -E 0 (a).
To check the validity of (14) we can regularize it by taking a2/a(m2)2 of both sides.
(This works for n = 1 and 2. For n > 2 higher derivatives are required.)
As a result: It is interesting to note that the left-hand side of equation (15) converges more rapidly for large B whereas the right-hand side converges better for small 8.
Fermions
Formally we have only shown the above equivalence for scalar theories.
For photons and for massive spin 1 particles we expect the formalism to work since both the free energy of the infinite temperature system and the energy density of the "finite volume" system are multiplied by the same overall factor --the number of degrees of freedom. However for Fermions we must be dareful. The energy density of the finite volume system is multiplied by a factor of 4 (in 3 + 1 dimensions) but the free energy of the finite temperature Fermi gas is entirely different (see equation (17) below).
Thus we must rethink our equivalence for Fermi systems.
Consider a Fermion field theory with fields q(z), conjugate fields $'(G) and a Hamiltonian H($, +?). The partition function for this system at temperature T = $ -' is given by [5] Z(B) = eDBFcB) = s
where LYE is the Euclidean action for the system. The key point is that $ must have antiperiodic rather than periodic boundary conditions. The O(n) invariance of the YE assures that we can interchange r and z as we did for the scalar case. As a result a Fermion field theory at finite temperature T = is equivalent to the same theory at zero temperature with one direction of finite length 6 but with antiperiodic boundary conditions.
Free Fermions
We can now see what happens for free fermions. The free energy per unit volume of an ideal Fermi gas is given by:
where n is the number of fermi degrees of freedom. At zero temperature it is well known that the generating functional for a gauge theory can be written as 
We find, apart from an overall normalization1
where gE is the Euclidean action Thus, apart from an overall factor: 
The energy of 
To evaluate V(r) using the "finite spatial volume" approach we must therefore evaluate the same quantity as (39) but with T and z interchanged.
In other words we must evaluate the correlation function of two spatial periodic loops in the z direction, from 0 to B. It is easy to show that for spatial dimensions n > 1 this fact is irrelevant whereas for n = 1, F(B)/V and ~~ of equations (9) and (11) 
2.
We shall ignore the issue of 6 states which are discussed in detail in Ref. [6] .
3. This is proved by noting that for any periodic A0 and for all periodic
Ai one can find a time-dependent A, such that the gauge transformation <a, Ai> -f (Ao, ii) keeps Ai periodic. The resulting Jacobion is one;
and only an overall a factor multiplies the integral.
4. This is certainly the case on a lattice. In any case, there is a symmetry (Z(n) for SIT(n)> in the action which implies that L = 0. The situation in Fig. l(a) is extended, by periodicity to --oo<z<m. 
